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Abstract
We study the John term of Fab Four cosmology in the presence of a scalar
potential. We show here how this theory can describe a wide range of cos-
mological solutions. This theory has two general functions of the scalar field:
the potential V (φ) and the John coefficient function Vj(φ). We show that for
very simple choices of those functions, we can describe an accelerated expan-
sion, a radiation-dominated era, and a matter-dominated era. By means of
simple modifications, it is also possible to describe nonsingular bouncing ver-
sions of those solutions and cyclic universes. We also address some quantum
issues of that theory, showing that, for the most significant singular cases,
the theory admits a classically well behaved quantization, even though the
Hamiltonian has fractional powers in the momenta.
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1. Introduction
In [1–3], it is described how a cosmological theory with a scalar field
nonminimally coupled to gravity, represented by the Lagrangian density
L =
√−g
[
R
8pi
−∇µφ∇µφ− κGµν∇µφ∇νφ− V (φ)
]
, (1)
for V = 0, drives an inflationary epoch, followed by a “graceful” exit from in-
flation, thanks to the presence of the nonminimal coupling term Gµν∇µφ∇νφ.
Theories similar to 1 can be found in [4–6]. In 1, R is the Ricci scalar, φ is
a scalar field, Gµν is the Einstein tensor, and κ is a coupling constant.
The theory 1 is a subclass of Horndeski modified gravity [7], the most
general scalar-tensor gravitational theory in four dimensions with second
order equations of motion. Modifying gravity is an alternative to general
relativity to explain observations of the accelerated expansion of the Universe
[8, 9]. In this sense, Horndeski theory is particularly important, since it is
a modification of gravity that avoids Ostrogradsky instability [10, 11] and
includes the general theory of relativity as a particular case. The Horndeski
action is written as
SH =
∫
d4x
√−g(L2 + L3 + L4 + L5), (2)
where
L2 = K(φ,X), (3)
L3 = −G3(φ,X)φ, (4)
L4 = G4(φ,X)R +G4,X(φ,X)[(φ)
2
−∇µ∇νφ∇µ∇νφ], (5)
L5 = G5(φ,X)G
µν∇µ∇νφ− 16G5,X(φ,X)[(φ)3
− 3φ∇µ∇νφ∇µ∇νφ
+ 2∇µ∇νφ∇λ∇µφ∇ν∇λφ]. (6)
The functions K and Gi are generic differentiable functions of the scalar field
φ and of the kinetic term X ≡ −∇µφ∇µφ. The notation Gi,X denotes the
derivative of Gi with respect to X . The greek indices here run from 0 to 3.
Another application of the nonminimal coupling term Gµν∇µφ∇νφ for
accelerated expansion comes from the Fab Four theory, which is the most
2
general subclass of the Horndeski theory with a self-tuning mechanism able to
deal with the cosmological constant problem [12]. In [12–14], it is shown how
the non-minimal coupling represented by the so-called “John” Lagrangian,
Ljohn = Vj(φ)G
µν∇µφ∇νφ, (7)
helps the other three Fab Four terms to provide all the usual epochs of cosmic
evolution, in the presence of a matter action. In 7, Vj(φ) is a free function of
the scalar field, related with the coefficient function G5 of Horndeski theory
(see [8], for instance) by Vj = ∂G5/∂φ. If considered alone, without any po-
tential, Ljohn represents a stiff matter-dominated universe, when the spatial
curvature is subdominant [14]. Another application of Ljohn is for Galileon
black holes [15]. Of course, those are just a few examples.
The above mentioned applications usually set the coefficient function Vj
from the start and consider 7 only as a contribution for the Lagrangian of a
minimally coupled scalar field, like in 1. Therefore, the specific dynamics of
7 for a general Vj function has not been studied yet. In this paper, we are
interested in the theory represented by
L =
√−g [−Vj(φ)Gµν∇µφ∇νφ− V (φ)] , (8)
where the potential was introduced to avoid trivial solutions. Throughout all
this letter, we will consider the spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker metric
ds2 = N2dt2 − a2δijdxidxj , (9)
where N(t) is the lapse function [16] and a(t) is the scale factor. Observe
that 8 is still a subclass of Horndeski modified gravity 2, for K(φ,X) = V (φ).
The recent observational events GW170817 and GRB 170817A have im-
posed the constraint [17–19]:
−3× 10−15 ≤ vGW − vEM
vEM
≤ +7× 10−16, (10)
where vGW is the speed of gravity and vEM is the speed of light. Thus, it
became possible to test alternative theories of gravity for tensor perturba-
tions. In [20], it was described how linear perturbations can be performed in
the general Horndeski theory and in [21] a complete set of parameters were
introduced to simplify the comparison between theory and observations for
those perturbations. Some authors (for instance, [11, 22]) argue that this
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constraint completely rule out some Horndeski theories (like 1) to avoid fine
tuning. But some other authors argue the opposite, for the following reasons.
First, 10 restricts vGW only for the low redshit range z . 0.01, as far as we
know [19, 23]. In other words, G5 may be relevant in the early universe, in
accordance with previous works [1–3]. Second, for 1, the derivative coupling
Gµν∇µφ∇νφ ∼ H2φ˙2, where H is the Hubble parameter, decreases as the
universe expands, thus becoming negligible in comparison with the kinetic
term ∼ φ˙2. Hence, for the redshift values for which 10 is valid, we expect
that the derivative coupling generates only a tiny variation of vGW from unity
[24]. Third, it is shown in [24] that the range of values of the mass scale M
(roughly speaking, the inverse coefficient) of Gµν∇µφ∇νφ for which 10 is
valid is
2× 10−35GeV .M ≪ 1015GeV. (11)
Thus, there is no fine tuning in the nonminimal derivative coupling.
In summary, we can say that theories with a G5 term are not ruled out,
provided that 11 is verified. All the above discussion motivates us to in-
vestigate what is the specific cosmology of the derivative coupling alone, in
order to have a better understanding of its effects. Strictly speaking, for a
more complete description, we should consider 8 as a part of a more general
framework, like in 1, but our goal here is precisely to explore the specificity
of 8 due to a possible predominant role it can play in the primordial universe.
Thus, we will investigate the background cosmology of 8, which is a minimal
non trivial theory containing G5. For the above reasons, we shall focus on
the primordial universe, when such a theory can be more effectively relevant.
In Section 2, we start from 8 with general V (φ) and Vj(φ), for a homoge-
neous scalar field φ, showing that the second order equations of motion can
be integrated to become a first order system of equations, for any V and Vj .
That system has two immediate implications. First, the scalar field must be
a time scale, because it is diffeomorphic to cosmic time. Second, that system
is a mechanism to provide almost any desired functional form of the scale
factor, if suitable V, Vj are chosen. This tuning mechanism can be considered
analogous to Fab Four’s self-tuning, even though they are different.
Those results for background cosmology show that the non minimal cou-
pling 8 actually covers a wide range of possibilities. That freedom comes from
the generality of the coefficient function Vj and the potential V . As we will
see in Section 2, the theory 8 can describe solutions analogous to perfect fluid
ones, such as radiation-domination and matter-domination. Those solutions
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are found when V and Vj are some power law functions. We then show how
a de Sitter solution can be obtained, for exponential V and Vj . That is a first
indication that 8 may be able to describe an inflationary phase. However, the
other conditions for inflation need further investigations. Those solutions are
all singular, but we will show how the functions V, Vj can be slightly modi-
fied, thus causing the singularity to be replaced by a bounce. We also briefly
exhibit a simple cyclic universe solution. Therefore, Fab Four John 8 may in
principle be an alternative to describe the basic eras of cosmological evolu-
tion at the background level, also avoiding singularities. The remaining open
questions about the viability of this theory will be investigated in future
works.
We also present a first quantum approach to 8. In Section 3, we sketch
a quantization for power law V, Vj, with Bohmian interpretation of quantum
mechanics [25–27], that can be trivially generalized for the case when V, Vj
are both exponential functions. We apply that interpretation because some
authors [28–30] argue that standard quantum mechanics should not be ap-
plied to primordial universe. In brief, they say that classical exterior domain
hypothesis (an implicit assumption of standard interpretation related with
measurement [31]) becomes a problem when the system under consideration
is the whole universe. In this sense, new approaches to quantum cosmol-
ogy have been developed with alternative interpretations, particularly with
Bohmian quantum mechanics [25, 26]. In [29, 32] it is shown that Bohmian
interpretation is an alternative for quantum cosmology in various situations,
because it avoids the conceptual measurement issue and the problem of time.
In practice, in that theory, time is recovered by the guidance equations and
the measurement problem is avoided because the same guidance equations
provide a way to calculate deterministic solutions. For a review of concep-
tual problems in quantum cosmology and quantum gravity, see [33]. In our
case, the preliminary quantum result we found is that a consistent Bohmian
quantization can be applied to 8, at least when V, Vj are power law functions.
That is a consequence of the existence of a quantum potential of order ∼ ~2
that vanishes when classical solutions are recovered. Finally, in section 4 we
make some remarks as conclusion.
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2. Classical Cosmology of Fab Four John
Taking the usual connection satisfying ∇αgµν = 0, for 9, we obtain the
Ricci tensor components
R00 = 3
a˙
a
N˙
N
− 3 a¨
a
, (12a)
R0i = 0, (12b)
Rij = δij
a2
N2
(
2
a˙2
a2
+
a¨
a
− a˙
a
N˙
N
)
, (12c)
where the dot denotes derivation with respect to the time t. Since the scalar
field φ = φ(t) is homogeneous, it follows from g = det(gµν) = −N2a6 and
from 12 that the Lagrangian 8 is written in the minisuperspace as follows:
L = −3aVj(φ) a˙
2φ˙2
N3
−Na3V (φ). (13)
Then, the Euler-Lagrange equations for N, a, φ can be written as:
a˙2φ˙2
a2
− V
9Vj
= 0, (14a)
a¨
a
+ 2
a˙2
a2
− V
′a˙φ˙
V a
= 0, (14b)
φ¨− 3 a˙φ˙
a
+
φ˙2
2
(
V ′j
Vj
+
V ′
V
)
= 0, (14c)
where f ′ ≡ df/dφ, and we have chosen the cosmic time coordinate by fixing
N = 1 after deriving the equations. Equation 14a is a constraint over a˙ and
φ˙, 14b is the cosmological acceleration equation, and 14c is a Klein-Gordon
like equation, describing the dynamics of the scalar field φ. Equation 14a
also impose a condition over V and Vj: they must always have the same sign
in order to avoid imaginary solutions for a and φ. Defining α ≡ ln a, system
14 becomes:
α˙2φ˙2 − V/9Vj = 0, (15a)
α¨ + 3α˙2 − α˙(lnV )˙ = 0, (15b)
φ¨− 3α˙φ˙+ 1
2
φ˙[ln(VjV )]˙ = 0. (15c)
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Dividing 15b by α˙ and 15c by φ˙, and then integrating, 15 becomes a first
order system:
α˙ = e−3αV (φ), (16a)
φ˙ = 1
3
e3α[V (φ)Vj(φ)]
−1/2, (16b)
where the factor 1/3 comes from the constraint 15a. Notice that the systems
15 and 16 are equivalent, for any V, Vj , up to an integration constant that
we have set to unity.
It follows from equation 16b that the scalar field φ necessarily represents
a time scale, if the product V Vj never vanishes. In mathematical terms, if
V (φ)Vj(φ) > 0 for all values of φ, then the right-hand side of 16b is always
positive, which implies that φ is a monotonic increasing real function defined
on real line. It thus follows from a well-known theorem of real analysis
that φ(t) is a diffeomorphism. In other words, a time scale. Hence, we can
restrict the discussion to the simplest possible interpretation φ(t) = t, which
is true up to a diffeomorphism. In the following, we show the basic singular,
bouncing and cyclic solutions obtained from 16.
2.1. Singular Universes
Taking
V (φ) = V0φ
1−w
1+w , (17)
Vj(φ) =
V0
4
(1 + w)2φ
3+w
1+w , (18)
where w and V0 are positive real constants, we obtain the following power
law solutions
a(t) = (t/t0)
2
3(1+w) , (19)
where φ(t) = t and t0 = [2/3V0(1 + w)]
1+w
2 . The constant w is analogous to
the equation of state parameter, at least regarding time evolution of scale
factor. For, if w = 1 the universe is stiff matter-dominated, if w = 1/3 the
universe is dominated by radiation, and if w = 0, the universe is dominated
by dust. Setting now
V (φ) = V0e
3γφ, (20)
Vj(φ) =
V0
9γ2
e3γφ, (21)
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we can also obtain a de Sitter solutions
a(t) = a0e
γt, (22)
where γ, and V0 are positive real constants, a0 = (V0/γ)
1/3, and again φ(t) = t
. This shows that John Lagrangian with a scalar potential is able to give
basic background cosmological solutions. Notice that 19 and 22 are singular
solutions. For 19, the singularity is at t = 0; for 22 there is an asymptotic
singularity for t→ −∞.
2.2. Bouncing Universes
The power laws for V, Vj found above can be modified to give a nonsin-
gular solution. For
V (φ) = V0φ(φ
2
0 + φ
2)
−w
1+w , (23)
Vj(φ) =
V0
4φ
(1 + w)2(φ20 + φ
2)
2+w
1+w , (24)
we obtain
a(t) = a0
[
1 + (t/φ0)
2
] 1
3(1+w) , (25)
where φ(t) = t. The quantities φ0, V0 are positive constants and a0 = [3V0(1+
w)φ
2/(1+w)
0 /2]
1/3. The solution 25 is a correction to 19, because for t ≫ φ0,
they are the same, but for t = 0, scale factor 19 is singular, while 25 represents
a bouncing universe with minimum radius a0 > 0. Bounces are an important
class of nonsingular cosmological solutions. For a review about bounces in
cosmology, see [34]. The potentials 23 are consistent with 17, for t ≫ φ0.
The de Sitter solution above can also be replaced by a bouncing, avoiding
the singularity at t→ −∞. Choosing
V (φ) = V0 sinh(γφ) cosh
2(γφ), (26)
Vj(φ) =
V0 cosh
4(γφ)
9γ2 sinh(γφ)
, (27)
we find
a(t) = a0 cosh(γt), (28)
where V0, γ are positive constants, φ(t) = t, and a0 = (V0/γ)
1/3. In fact, this
scale factor represents a bouncing universe that for large values of t reduces
to 22. Note that the potentials 26 also reduce to 20, for large values of φ.
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2.3. Cyclic Universes
There are some cosmological theories that predict a cyclic universe to
avoid initial singularity (see for example [35]). For 8 it is also possible to
obtain such type of solution. Taking, for example,
V (φ) = V0 sin(ωφ)
{
am +
V0
ω
[1− cos(ωφ)]}2 , (29)
Vj(φ) =
{
am +
V0
ω
[1− cos(ωφ)]}4
9V0 sin(ωφ)
, (30)
we obtain the oscillating scale factor
a(t) = am + A[1− cos(ωt)], (31)
where V0 > 0, A = V0/ω is the amplitude of oscillation, ω is the frequency,
and am is the minimum value of a(t).
3. Quantum Cosmology of Fab Four John
In this section, we briefly show the Hamiltonian formulation of 8, that
has the fractional power 2/3 in the momenta. Since canonical quantiza-
tion replaces the momentum by a derivative, the momentum would thus
become a fractional derivative. But there are, in fact, several definitions of
fractional derivatives [36]. To avoid this ambiguity, we perform a canonical
transformation. In this first quantum approach, we will consider only the
case in which both V and Vj are power law functions of φ. Then, after a
short review of basic principles of Bohmian quantum mechanics, we apply
a Bohmian quantization to the transformed Hamiltonian. We conclude this
section showing the equivalence between classical and quantum equations,
for a null quantum potential. This result is expected, because it is the first
step to construct a Bohmian quantization. The generalization for the case
in which both V and Vj are exponentials follows from the redefinition of the
scalar field ϕ ≡ eφ, since for ϕ the Hamiltonian reduces to the former case.
Physically, this means that the quantum theory below makes sense for the de
Sitter, the radiation-dominated, and the matter-dominated solutions. In this
first quantum approach, we will not analyse the nonsingular solutions above,
because the canonical transformation described in subsection 3.2 imposes a
technical restriction.
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3.1. Hamiltonian
The Hamiltonian follows from the usual Legendre transformationH(q, p) =∑
q˙i(q, p)pi−L(q, p), where q = (N, a, φ) are the generalized coordinates and
p = (pN , pa, pφ) are the conjugated momenta. It follows from the definition
of the momenta that
a˙ = −N(6aVj)−1/3p−1/3a p2/3φ , (32a)
φ˙ = −N(6aVj)−1/3p2/3a p−1/3φ . (32b)
Therefore, the Hamiltonian is
H = N
[
−3p2/3a p2/3φ
2 3
√
6aVj(φ)
+ a3V (φ)
]
≡ NH. (33)
Since pN ≡ ∂L/∂N˙ = 0, it follows from Hamilton equation p˙N = −∂H/∂N
the constraint below:
p2/3a p
2/3
φ =
2
3
a3V [6aVj(φ)]
1/3. (34)
From 34, it follows also that we can rewrite 32 as
a˙ = −2Na
3V
3pa
, (35a)
φ˙ = −2Na
3V
3pφ
. (35b)
The system 35 will play a fundamental role in Bohmian quantization, as we
shall see next.
3.2. Canonical Transformation
The generating function
F (q, P, t) = −ρalPmx − φrP ny +NPz (36)
defines a canonical transformation by [37]:
pi =
∂F
∂qi
, (37a)
Qi =
∂F
∂Pi
, (37b)
H˜(Q,P, t) = H(q, p, t) +
∂F
∂t
, (37c)
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where Q = (x, y, z) and P = (Px, Py, Pz) are the new coordinates and mo-
menta, respectively, and H˜ is the transformed Hamiltonian. The powers
r, l,m, n ∈ R − {0, 1} will be fixed later, as well as the positive constant ρ.
The canonical transformation thus defined is quite restrictive, because the
old coordinates become a mix of new coordinates and momenta. Hence we
will restrict the discussion for power law V and Vj:
V (φ) = V0φ
ε, Vj(φ) = Vj0φ
δ. (38)
It thus follows from 37 that
H˜ = z
[
− fP
2
3
+m−1
l
x P
2
3
+ 2+δ
3
·
n−1
r
y + gP
3
l
(1−m)
x P
ε
r
(1−n)
y
]
, (39)
where
f =
3
2
[
(ρlr)2
6Vj0
]1/3(−x
ρm
) 2
3
−
1
l
(−y
n
) 2
3
−
2+δ
3r
, (40)
g = V0
(−x
ρm
) 3
l
(−y
n
) ε
r
. (41)
From 39, we can see H˜ is a constrained Hamiltonian system, since Pz = pN =
0 implies that 0 = P˙z = −∂H˜/∂z. Thus,
P
2
3
+4m−1
l
x P
2
3
+ 2+δ+3ε
3
·
n−1
r
y =
g
f
≡ λ. (42)
For simplicity, we can choose
l = 6 and r = 1
2
(2 + δ + 3ε), (43)
so that λ is a positive constant:
λ =
2V0
3
[
Vj0
6(rρ)2
]1/3
. (44)
Now, if we require that quantization gives a second order partial differential
equation and that 36 is not degenerate, we must choose m = n = 3/2. Then
constraint 42 becomes
PxPy = λ. (45)
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Now canonical quantization Pˆj = −i~∂j can directly be applied, leading to
the Wheeler-DeWitt equation
∂2ψ
∂x∂y
= − λ
~2
ψ, (46)
where ψ(x, y) is the stationary wave function of the Universe. The basic
solution is the plane wave
ψk(x, y) = e
i(kx+ωy)/~, (47)
where k 6= 0 is a real constant and ω ≡ λ/k. Let us now briefly review the
core ideas of Bohmian interpretation of quantum mechanics to apply them
to 46.
3.3. Bohmian Interpretation
As an answer to the incompleteness of quantum mechanics claimed by A.
Einstein, B. Podolsky, and N. Rosen in [38], some authors argued in favour
of standard interpretation, like N. Bohr [39] and L. E. Ballentine [40] later.
However, this criticism inspired also an alternative interpretation of quantum
mechanics, suggested by D. Bohm in [25, 26]. Bohmian mechanics provides
a method to associate a deterministic dynamics for an individual quantum
system, thus avoiding the incompleteness pointed out in [38]. To illustrate
those ideas, consider Schro¨dinger equation for a single particle
− ~
2
2m
∇2ψ + V (x)ψ = i~∂ψ
∂t
, (48)
where ψ(x, t) is the wave function and V (x) is a potential. Since ψ is complex,
it can be written as ψ = ReiS/~, where R and S are real functions. Thus, the
imaginary and the real parts of 48 become, respectively
∂R2
∂t
+∇ ·
(
R2∇S
m
)
= 0, (49a)
∂S
∂t
+
|∇S|2
2m
+ V (x) +Q(x) = 0, (49b)
where
Q(x) = − ~
2
2m
∇2R
R
. (50)
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Equation 49a is a continuity equation. As for 49b, except for the term Q, it is
a Hamilton-Jacobi equation with S playing the role of the Hamilton principal
function. D. Bohm suggested in [25, 26] to interpret that as follows: the
quantum ∇S can be associated with the classical momentum of the particle
by
p = ∇S = ~ Im ∇ψ
ψ
, (51)
in analogy with Hamilton-Jacobi formalism, and the additional term Q is
understood as being a quantum contribution (of order ~2) to the total amount
of energy. Because of that, Q is called the quantum potential. Now, since
p = mx˙, it follows that 51 gives a method to obtain deterministic trajectories
for the particle. Thus, for each solution ψ, there is a whole family of possible
trajectories. That is why ψ is sometimes called the pilot wave that guides
the solution through the trajectories and 51 is called the guidance equation.
In standard quantum mechanics, the recovery of classical dynamics follows
from the correspondence principle [39]. In Bohmian quantum mechanics, it
follows from the quantum Hamilton-Jacobi equation 49b that the classical
mechanics is recovered when Q = 0.
It can be shown that Bohmian interpretation can describe all basic numer-
ical features of standard quantum mechanics [27, 41, 42]. Further discussions
and applications can be found in [43–45]. As mentioned in the introduction,
there are some conceptual arguments in favor of Bohmian mechanics in quan-
tum cosmology. In the references [29, 46–49], it is shown how to generalize
the above Bohmian formalism to models of quantum gravity and quantum
cosmology. Among other things, they show how that formalism exhibits
quantum effects, but also describes scalar and tensor perturbations in space-
time. We will now apply that formalism to 46.
In what follows, the comma denotes partial derivative. Let us write
ψ(x, y) = R(x, y)eiS(x,y)/~, where R and S are real functions. Thus, the
imaginary and real parts of 46 are, respectively,
RS,xy +R,xS,y +R,yS,x = 0, (52a)
−S,xS,y + λ+ ~
2
R
R,xy = 0, (52b)
where we have set N = z = 1 (cosmic time). Equation 52a is the analogous
of the continuity equation 49a. Now, rearranging 52b to compare it with
classical stationary Hamilton-Jacobi equation for H˜, the quantum potential
13
is given by
Q = ~2fS
−
1
4
,x S
−
ε
2r
,y
R,xy
R
, (53)
and the guidance equations are
Px = S,x, and Py = S,y. (54)
3.4. Recovering Classical Solutions
For the plane wave 47, R = 1 and S = kx + ωy, so the quantum po-
tential 53 vanishes. Therefore, in analogy with the Bohmian interpretation
for Schro¨dinger equation, we expect that for a null quantum potential the
classical solutions are recovered. If that is the case, we can say the quan-
tum formalism here developed is consistent. In fact, from 37 and 54, we can
recover the quantum values of the momenta, given by guidance equations
pa = −6ρk3/2a5, (55)
pφ = −r(λ/k)3/2φr−1. (56)
Then, from those quantum relations and from 35, we obtain the following
system:
a˙ =
V0
9ρk3/2
φε
a2
, (57a)
φ˙ =
2V0
3r
(
k
λ
)3/2
a3φ−
1
2
(δ+ε). (57b)
Hence, setting
ρ = 1/9k3/2, (58)
the quantum system 57 becomes entirely equivalent to classical system 16,
for power law potentials 38, for any powers δ, ε. In other words, for the
solution 47, that gives a null quantum potential, the classical equations are
recovered, as was expected. This result can be extended to the case where
both V and Vj are exponentials, by defining ϕ ≡ eφ in 13 and adapting
all calculations, as we mentioned above. Thus, we can say, in particular,
that classical solutions are recovered in the classical limit of the Bohmian
formalism for power law 19 and de Sitter 22 solutions. Therefore, Bohmian
interpretation can be successfully applied for those cases of 8. In physical
terms, we proved that the quantum model is consistent for de Sitter, matter-
dominated, stiff matter-dominated, and radiation-dominated solutions for
the scale factor.
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4. Conclusions
In this letter, we have explored some aspects of the background cosmology
of Fab Four John theory 8. Due to its structure, the dynamics is governed by
the first-order system 16, from which we found a big variety of cosmological
solutions, including basic phases of the evolution of the universe, such as
accelerated expansion, radiation-dominated, and matter-dominated eras. We
also have shown that bouncing and cyclic universes are possible in this theory.
All those solutions follow from the structure of the potential V (φ) and from
the scalar field interpretation as a time scale. This last result is a direct
consequence of 16.
For that derivation, we have set φ = t for simplicity, but the scalar
field can be any differentiable increasing function defined on real line. Thus,
φ may, in principle, represent any strictly increasing physical quantity. In
that case, different choices must be made for V and Vj, in order to keep all
solutions above. Thanks to the simple structure of 16, this is always possible,
if the diffeomorphism condition is still satisfied by φ. We have to stress
that this letter is intended to be a background analysis, so further questions
concerning perturbations are still a matter of investigation for future works.
We have also presented a preliminary quantum approach to Fab Four
John. Because of the odd structure of the Hamiltonian, the quantization
is not straightforward. The John kinetic term is proportional to (papφ)
2/3,
thus a canonical transformation must be performed. But we have shown as
a first result that, at least for power law and exponential functions V, Vj ,
the quantization is well behaved, in the sense that the classical solutions are
recovered when the quantum potential vanishes.
In conclusion, we can say that the big variety of solutions for the non-
minimal derivative coupling Ljohn here studied raises some questions. What
should be the cosmological solutions if the coupling constant κ in 1 is re-
placed by the general function Vj(φ)? Is it possible to obtain such results
when that coupling is only a contribution? Since 1 do not contradicts the
gravitational waves constraint, those are important questions to investigate
in future works.
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